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a b s t r a c t
We study the XY antiferromagnet with S = 1 and single-ion anisotropy on a triangular
lattice using the bond operator formalism in two cases: the J1− J2 model, which includes a
next-nearest-neighbor coupling J2, and the spatially-anisotropic J1 − J ′1 model, in which
the nearest-neighbor interaction takes a value J ′1 along one of the bond directions. The
introduction of frustrating second-neighbor interactions leads, at intermediate values of
the coupling, to the existence of a disordered phasewith the possibility of a quantum liquid
behavior. The effect of the frustration on the quantumphase transition is studied. The phase
diagrams at T = 0 are presented.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The discovery of magnetic properties of high-TC superconductors has led to a great deal of interest in antiferromagnetic
quantum spin systems in two dimensions. In this context frustrated Heisenberg antiferromagnets have been intensively
studied [1–3]. Frustration and competition between interactions are a highly debated issue in the field of quantum
magnetism.
The triangular-lattice Heisenberg antiferromagnet with only nearest-neighbor coupling has played a fundamental role
in the understanding of frustrated quantum spin systems. It is one of the most fundamental systems of geometrically
frustrated magnets, and has been studied by several techniques [2–14]. It is believed that the S = 1/2 system displays the
classical Néel-ordered ground state with a 120° spiral order. Frustration can be introduced through next-nearest-neighbor
interactions. It was argued in Ref. [8] that since the triangular lattice has a lattice magnetization more reduced from its
classical value than the square lattice, its Néel order may be destabilized more easily. Jolicoeur et al. [8] using the spin wave
formalism have found that the Néel state is stable up to a critical coupling ηc ≈ 1/8 (where η = J2/J1) with magnetic wave
vector k = (4π/3, 0). For 1/8 < η < 1 the classical ground state has a continuous degeneracy. Quantum fluctuations lift this
degeneracy and select the collinear ground state with k = (0, 2π/√3). Beyond η ≈ 1 an incommensurate spiral becomes
the lowest-energy state. Manuel and Ceccatto [9], using the Schwinger-boson approach in amean-field approximation, have
found a window 0.12 ≤ η ≤ 0.19 where the magnetic order was melted by the combined action of quantum fluctuations
and frustration.
The system with nearest-neighbor exchange J ′1 on all horizontal bonds and J1 on all the other bonds is interesting
in view of its connections to the insulating phase of some layered organic superconductors [10]. These interactions are
shown in Fig. 1. Note that the standard nearest-neighbor coupling J2 is not shown in this figure. For classical vectors, with
0 ≤ α ≤ 0.5, where α = J ′1/J1, the system is in the collinear phase characterized by k = (0, 2π/
√
3). The case α = 0
is topologically equivalent to a square lattice. For α > 0.5, the preferred spin configuration becomes an incommensurate
spiral with k = (2κ, 0), where κ = cos−1(−1/2α).
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Fig. 1. The triangular lattice showing the exchange interactions J1 and J ′1 .
Li and Bishop [12], using the coupled cluster method, have found that the critical point, separating the two phases, was
located at αc = 0.615 for the above model with S = 1.
The discovery of superconductivity in the pnictides [15] has led to an interest in antiferromagnets with spin S = 1. New
physical features, such as quantum phase transitions, due to additional terms, such as for instance single-ion anisotropy,
are possible when S = 1. Typical examples of S = 1 triangular antiferromagnets are [3]NiGa2S4 and RbFe(MoO4)2. The last
compound has D/J ≈ 0.4. Also, recent experiments [16] have evidenced quantum spin liquid behavior in the compound
Ba3NiSb2O9. The problem on the square lattice has been well studied [17–19], while Wang and Wang [20] have considered
the system on a triangular lattice. Although there has been a lot of interest in the triangular lattice, including models with
S = 1 and single-ion anisotropy, this is the first time that, in this paper, the effect of the competing interactions in the
quantum phase transition, caused by the single-ion anisotropy, is studied.
The physics of the Heisenberg antiferromagnet with a single-ion anisotropy is qualitatively similar to the one of the XY
model with the same type of anisotropy, as was shown in Ref. [17], and the results are qualitatively the same. The mean-
field approximation, used in the context of the bond operator formalism, is more precise for the XY model and therefore,
in this paper I will study the S = 1 two-dimensional XY antiferromagnet with single-ion anisotropy on a triangular lattice
described by the following Hamiltonian:
H = Jα
2

r,a
(Sxr S
x
r+a + Syr Syr+a)+
J2
2

r,d
(Sxr S
x
r+d + Syr Syr+d)+ D

r
(Szr )
2, (1)
where

r,a sums over the nearest neighbors and

r,d over the next-nearest neighbors. Here Jα = J ′1 in all horizontal bonds
and Jα = J1 on all other bonds. The XY model, per se, is also of interest. Recently the frustrated XY model on a honeycomb
lattice was studied by Varney et al. [21] using the Lanczos method.
The isotropic XY model with D = 0 has an ordered ground state. There are two mechanisms which lead to a disordered
ground state: the single-ion anisotropy D and the next-nearest-neighbor interaction J2. I will consider both mechanisms. In
the limit of infinite D, the model (1) will be in a disordered ground state with total magnetization Sztotal = 0 separated by a
gap from the first excited states, which lie in the sectors Sztotal = ±1; therefore there exists a critical DC denoting a quantum
phase transition, described by the condensation of magnons, from the large-D phase to the ordered phase.
2. Bond operator theory
In this paper I employ the bond operator formalism, which has proved successful in the treatment of easy-plane single-
ion anisotropy [17,18,20,22]. In this formalism the spin operators for S = 1 can be represented as
S+ = √2(t+z d+ u+tz), S− =
√
2(d+tz + t+z u), Sz = u+u− d+d, (2)
where the three boson operators correspond to the three eigenstates of Sz :
|1⟩ = u+ |v⟩ , |0⟩ = t+z |v⟩ , |−1⟩ = d+ |v⟩ . (3)
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Here |v⟩ is the vacuum state, and I have imposed the constraint u+u+d+d+t+z tz = 1. Substituting the above representation
into Hamiltonian (1) and supposing that the tz bosons are condensed, i.e. ⟨t+z ⟩ = ⟨tz⟩ = t one finds:
H = J1t
2
2

r,δ
(d+r dr+a + u+r+aur + urdr+a + d+r u+r+a + H.c.)
+ Jαt
2
2

r,δ
(d+r dr+d + u+r+dur + urdr+d + d+r u+r+d + H.c.)
+D

r
(u+r ur − d+r dr)2 − µ

r
(u+r ur + d+r dr + t2 − 1). (4)
A temperature-dependent chemical potential µr is introduced to impose the constraint condition of single occupancy. In a
mean-field approximation, the local constraint is replacedby a global one andwe takeµr = µ. After a Fourier transformation
followed by a Bogoliubov transformation, one finds
H =

k
ωk(α
+
k αk + β+k βk)+

k
(ωk −Λk)+ µN(1− t2), (5)
with
ωk =

Λ2k −∆2k, Λk = −µ+ D+∆k, ∆k = zt2γk, (6)
where z is the number of nearest and next-nearest neighbors, and
γk = 13
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Here α = J ′1/J1, η = J2/J1, and I have set J1 = 1. The energy gap in the disordered phase occurs at a wave vector k0
that will depend on the lower D ordered phase. This value of k0 is directly related to the ordered state introduced by the
Bose–Einstein condensation of magnons. The parameters t2 and µ can be obtained by solving numerically the following
self-consistent equations at zero temperature [17]:
t2 = 2− 1
N

k
Λk
ωk
, µ = 1
N

k
(Λk −∆k)g(k)
ωk
. (8)
These equations can be written as
t2 = 2− 1
2
(I1 + I2), µ = 1y (I2 − I1), (9)
with
I1 =

BZ
d2k√
1+ yg(k) , I2 =

BZ
d2k

1+ yg(k), (10)
g(k) = zγk, and
y = 2t2/(−µ+ D). (11)
The integration is over the Brillouin zone of the triangular lattice. From Eqs. (9)–(11) we can derive the following equation:
D = 2
y
(2− I1). (12)
When D < DC the system is in the ordered phase. Following Ref. [17] I assume part of the excitations are condensed at k0.
Keeping ωk0 = 0, one finds
t2 = 2− n0 − 12 [I1(yC )+ I2(yC )] µ =
1
yC
[−2n0 + I2(yc)− I1(yc)], (13)
where n0 = yC (DC − D)/4.
The excitation gap located at k0 is given by∆ = ωk0 and it goes to zero when y → yC = 1/ |g(k0)|. At this point one has
a quantum phase transition from the disordered large-D phase to the small-D ordered phase.
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Fig. 2. (Color online) The critical anisotropy parameter DC as a function of η = J2/J1 , for J ′′1 = J1 . Phase I is Néel ordered. In phase III one has collinear
order. Phase II is a disordered phase where experimentalists could look for spin liquid candidates.
Fig. 3. The staggered magnetizationM as a function of η.
3. Results and conclusions
The staggeredmagnetizationM in the xy-plane inducedby the condensation ofmagnons is given byWang andWang [20]:
M = 2t2n0. Using the expression for n0 we can write
M =

t2yC (DC − D)1/2. (14)
Calculating numerically the energy gap ∆ = ωk0 as a function of D, I have found that it decreases linearly with D until
DC in all the disordered phase, this is∆ = a(D− DC ), where a ≈ 1. I remark that this behavior should be expected for two
dimensional models [18,23].
Fig. 2 shows the critical parameter DC as a function of η = J2/J1 (with J ′1 = J1). At η = 0, one has DC = 2.72. Wang
and Wang [20] obtained DC = 2.095 for the Heisenberg model with single-ion anisotropy, and it is expected that DC for
this model should be smaller than DC for the XY model with single-ion anisotropy. The parameter DC vanishes at the points
η1C = 0.101, η2C = 0.16, and η3C = 1.01 signaling a quantum phase transition at these points. For 0 ≤ η ≤ η1c one
has k0 = (4π/3, 0), while for η ≥ η2c, k0 = (0, 2π/
√
3). I have not demonstrated that phase II is a spin-liquid, but
the appearance of a nonmagnetic region indicates the possible location of this state, and therefore presents a region of
parameters where the experimentalists could look for it. In Fig. 3, I show the staggered magnetization per site,M , at D = 0
and T = 0 as a function of η.M starts fromM = 0.718 and its behavior is similar to the one of DC . In Fig. 4 is depicted the
critical parameter DC as a function of α = J ′1/J1, for J2 = 0. I have rescaled α → δ = α/(1+ α) to allow it to capture all the
possible values of α in a finite region. For α = 0 the model is topologically equivalent to the square lattice antiferromagnet.
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Fig. 4. (Color online) The critical anisotropy parameter DC as a function of δ. Region I is a collinear phase, region II an incommensurate spiral. Here J2 = 0.
The value of DC at α = 0,DC = 5.65, should be compared with the value for the square lattice [17] DC = 5.72. The cusp in
Fig. 4, located atαc = 0.60 agreeswith the valueαc = 0.615 obtained in Ref. [12]. For 0 ≤ α ≤ αc one has k0 = (0, 2π/
√
3),
while for α > αc, k0 = [2 cos−1(−1/2α), 0].
In this paper I have used the approximation that the tz bosons are condensed, even for small values of D. It seems that
as far as there is no strong magnetic field applied in the z-direction (as was the case in Ref. [22]), the approximation can be
used. For instance, Wang and Wang [16] have found that the calculated staggered magnetization at D = 0, for the square
lattice, using this approximation, was in agreement with that obtained using the coupled cluster expansion.Wang et al. [24]
also found reasonable results for the isotropic antiferromagnetic chain (D = 0) with biquadratic interactions. However,
when ⟨tz⟩ < 1, the tz Bose condensation does not mean that every spin is in the eigenstate of Sz = 0, although ⟨n Szn⟩ = 0
in the disordered phase. It would be interesting to have numerical calculations to verify my calculations, mainly in the small
D region.
The calculations for J2 > 0, J1 ≠ J ′1 are more complicated [9] and, as far as I know, have as yet not been performed even
for the case D = 0. This will be the subject of a future work.
In conclusion, I have studied the XY model with S = 1 and single-ion anisotropy on a triangular lattice with spatially
anisotropic interactions and next-nearest-neighbor coupling, using the bond operator technique. In the latter case, I have
found an intermediate paramagnetic phase for 0.101 ≤ η ≤ 0.16. This region is slightly different than the one in the
S = 1/2 case, where a paramagnetic regime 0.12 ≤ η ≤ 0.19 has been established [9]. I have calculated the quantum phase
diagram at T = 0 in both cases. There remains the problem of studying the disordered quantum phase of the model. This
phase is very interesting. For very large values of D/J the ground state is a direct product of states
Szr = 0. For small D/J , it
is most likely some kind of Resonance Valence Bond state. Therefore, some kind of transition should happen when we vary
D in this region [25]. This will be the subject of a future work.
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